This work regards the use of cubic springs with intervals of negative stiffness, in other words "snap-through" elements, in order to convert low-frequency ambient vibrations into highfrequency oscillations, referred to as "twinkling". The focus of this paper is on a global bifurcation of a two-mass chain which, in the symmetric system, involves infinitely many equilibria at the bifurcation point. The structure of this "eclipse" bifurcation is uncovered, and perturbations of the bifurcation are studied. The energies associated with the equilibria are examined.
Introduction
Nonlinearity has been studied by several authors for energy management. For example, essential nonlinearity has been used for nonlinear energy pumping [1] [2] [3] , nonlinear targeted energy transfer (TET) [4] [5] [6] [7] [8] , and as a nonlinear energy sink (NES) for energy harvesting [9] [10] [11] . Indeed, vibration based energy harvesting has been studied for linear and nonlinear systems [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . Novel ways of experimental energy harvesting have been achieved from low frequency ambient excitations [18, 19, 23, 24] . * Address all correspondence to this author. This work is motivated by the idea of using snap-through structures to induce high frequency oscillations from low frequency ambient vibrations such as low-frequency seismic phenomena, tsunamis and low-frequency ocean waves, to harvest energy. Several authors have studied the dynamics of various snap-through negative stiffness and bistable systems [25] [26] [27] [28] [29] . Nonlinear massless static electric-springs [30] , and magneto static-springs [31] have been studied numerically.
We explore the dynamics of a nonlinear mass chain with cubic springs that have three distinct roots in the characteristic. The chain is connected to a fixed base at one end and to a pulled point at the other end, as shown in Figure 1 . The end spring is then pulled quasistatically to a certain distance to observe the "twinkling phenomenon" in the chain. As this pull parameter is changed we see high frequency oscillations about different equilibrium states. As the system exhibits twinkling phenomenon and comes to an equilibrium state due to small applied damping, it contains a total energy that was not present in the system before the applied quasistatic pull. This residual energy will be of importance to energy harvesting.
The two degree of freedom (DOF) twinkling oscillator exhibits complicated bifurcation behaviors as seen in [32, 33] where we have discussed the observed, star bifurcation, in detail. The undamped star bifurcation is observed to be a codimension-four bifurcation where four zero eigenvalues were found in the symmetric case. Various types of perturbations revealed the symmetry breaking bifurcation behavior of the star bifurcation.
FIGURE 1: n-degree-of-freedom spring-mass chain connected by n masses, (n + 1) nonlinear springs, and n dash-pots. As shown in this figure the left spring is fixed to a base and the right most spring is pulled quasistatically to a distance y 0 .
The star bifurcation occurs when the twinkler enters a negative stiffness region with respect to the quasistatic pull parameter y 0 . We have also identified another new type of bifurcation as the twinkler passes through the negative stiffness regime. We call this bifurcation as "eclipse bifurcation".
Many different equilibrium configurations can coexist for a simple two-DOF model. Final equilibria of this type of twinkler have differing energy states. Predicting the final energy of the system requires analysis of transients, which are influenced by the structure of both stable and unstable equilibria. In this work we first formulate a non-dimensionalized normal form in order to study the eclipse bifurcation behavior of 2-DOF system in detail. While the system goes through the eclipse bifurcation, it exhibits infinitely many equilibria whose stability will be determined. The behavior of these equilibria will be discussed in this article. The stability analysis and the related degree of degeneracy are studied using the concept of codimension [34, 35] , and show how the codimension of the system changes with damping.
In section 2, we review the nonlinear equation of motion, and conditions for the stability as discussed in [32, 33] . In section 3 and 4, we will perform a coordinate transformation and obtain a normal form for the global bifurcation and eclipse bifurcation respectively in a 2-DOF system.
Snap-Through Structures: Twinkler
The equations of motion of an n-degree-of-freedom snapthrough system as shown in the Figure 1 , written using the Newton's second law of motion have the form
where x and F (x) are n × 1 array of mass displacements and n × 1 array of spring force respectively. For example
, where j = 2, 3, . . . n − 1 and F j is the j th element of spring force vector F. Also we can split the total spring force into two parts as F (x) = −Kx + f nl with (−Kx) as the linear and f nl as the nonlinear part of the spring force. In this case K is a linear stiffness coefficient matrix. We consider a cubic spring with the spring force f i (s i ) to be of the form
where, s i = x i − x i−1 is the spring deformation. Referring to Figure 3 , for the end spring held at y = y 0 , we examine the equilibria. At equilibrium, the accelerations and the velocities of all the masses are zero. Hence we get the following array of equilibrium equations for the n-DOF structure: As we solve equation (3) we find the bifurcation behavior with respect to y 0 . The stabilities of the equilibria of the set of secondorder ordinary differential equations (1) can be found by computing the eigenvalues of the Jacobian of F. We first letx = x −x, wherex is the equilibrium point. Then we write the linearized system in second-order form aŝ
Assuming a response of the formx = e ±iωt φ , the eigenvalue problem becomes
where ω are the eigenfrequencies, λ are the eigenvalues and φ are the eigenvectors. If λ < 0 there is an exponential solution that blows up as time t increases. A stable oscillatory solution exists for λ > 0, and neutrally stable solutions for λ = 0.
Thus, in the second-order undamped form, a bifurcation is indicated as a single eigenvalue passes through zero, corresponding to a transition of a second-order oscillation to a second-order saddle (in a two-dimensional phase space). Equivalently, it corresponds to an effective stiffness going from positive to negative.
For analysis of the codimension as discussed in [32, 33] , the second-order ordinary differential equations for the n-DOF system are converted into first-order differential equations by defin-
where
A and L are 2n × 2n matrices andf is 2n × 1 vector. The state-variable system can be linearized about an equilibrium and put in the formż = Tz. For i = 1, 2, . . . , 2n, the signs of the real parts of the eigenvalues, α i , from the eigenvalue problem Tu = αu indicate stability.
In the following analyses, we use λ to indicate eigenvalues from the undamped second-order-set formulation (equation (4)), and α to represent the eigenvalues from the linearization of the general state-variable description (equation (6)).
Bifurcations in 2-DOF Twinkler
The cubic nonlinearity in the twinkler gives rise to multiple equilibria for the parameter region where the twinkler passes through the negative stiffness region. We used a coordinate transformation to simplify and nondimensionalize the EOMs for the analysis of the bifurcation events. For 2-DOF twinkler ( Figure 3 ) we obtain the equilibria from equation (3) The steady-state dynamics of the 2-DOF system is considered in order to understand the various possible equilibria that exist due to the coupling of the snap-through elements with the equilibrium conditions f 1 (
2-degree-of-freedom spring-mass chain connected by 2 masses, 3 nonlinear springs, and 2 dash-pots. The left spring is fixed to a base and the right most spring is pulled quasistatically to a distance y 0 .
. We transform the coordinates to simplify the EOM, using y 0 =p + y b , , where [32, 33] . We obtainü
, and
3 , and c = c y 1 , where at the bifurcation points B 7 − B 10 , two of the four eigenvalues, α, are complex conjugates with zero real parts and the other two are zero for the undamped system, whereas with light damping there is one zero, one purely real negative, and the other two are complex conjugate eigenvalues with negative real parts. The bifurcation points B 3 − B 6 , are saddle-nodes. With no damping two zero and two complex conjugate eigenvalues with zero real parts for the undamped system, and with light damping there are two complex conjugate eigenvalues with negative real parts, one zero, and one purely real negative eigenvalues. The equilibrium solutions projected onto the (u 1 , u 2 ) plane and noted as R j = (u 1 , u 2 ) j , for j = 0, 1, 2, · · · , 6. The solid and dashed ellipses and straight lines satisfy h 1 (u 1 , u 2 , q) = 0 and h 2 (u 1 , u 2 , q) = 0 respectively. As q approaches zero from both directions, the two ellipses coincide, resulting in an infinite number of solutions on the ellipse. All the solutions on the ellipse are marginally stable. obtained using the "Solve" command in MATHEMATICA. The stabilities of the equilibria curves are determined from the eigenvalues, λ , as discussed in equations (4) and (5). The "base line" solution (0, 0) in the u variables (the horizontal lines in Figure 4 .
As p increases, the baseline solution destabilizes in a bifurcation that features a collision of four branches of equilibria on either side of the bifurcation point B 1 . Three branches are visible on either side of the bifurcation point in each figure because vertical axis of these figures is a projection of a higher dimensional phase space, and some curves overlap in each projection. In each plot in Figure 4 , the narrow elliptical curve of equilibria is actually two overlapping elliptical curves. For convenience, we referred to this bifurcation as a "star bifurcation", as eight branches (two overlap in the Figure) emanate from the bifurcation point, in which a neutrally stable (asymptotically stable when light damping is applied) curve collides simultaneously with three unstable curves to produce four unstable curves. (See [32, 33] 
FIGURE 6:
The vertical axis represents the eigenvalues at the equilibria in the normal form at the eclipse bifurcation local to q = 0. For q < 0 the points R 1 , R 4 and R 6 are stable and become unstable when q > 0 where as R 2 , R 3 and R 5 changes from unstable to unstable as q goes from negative to positive and R 0 remain unstable on both sides local to q = 0.
details.)
At p = 3 (orp = y 1 ), the equilibria on the elliptical curves undergo an exchange of stability without intersection as seen in Figure 4 . There exists an infinite number of equilibria at this particular value of p. We will look at the structure of this bifurcation next.
Eclipse Bifurcation
Now we look closely at the degenerate exchange of stability bifurcation at p = 3 orp = y 1 = 2.7838. We consider the EOM local top = y 1 . Lettingp = y 1 +q in equation (8) we geẗ For the eclipse bifurcation we consider solutions very close to the bifurcation points. I.e.q is of order ε. Soq 2 is on the order of ε 2 . Hence neglectingq 2 terms, and letting t = τ
, andc = c y 1
, the above equations are simplified to obtain a non-dimensionalized normal form of the equations for the eclipse bifurcation:
At equilibrium both of these equations represent a straight curve and an ellipse in u 1 , u 2 space. The dashed and solid ellipses and straight lines in Figure 5 satisfy h 1 (u 1 , u 2 , q) = 0 and h 2 (u 1 , u 2 , q) = 0 of equation (13) respectively. The intersections between a solid curve and a dashed curve satisfy both of equations (13), and are therefore the equilibria (u 1 , u 2 ), denoted by R 0 , R 1 ,..., R 6 . At q = 0, both ellipses overlap perfectly in the symmetric system, producing an elliptic locus of infinitely many equilibria. We refer to this as an "eclipse bifurcation". Now we examine the stability of equilibria. The equilibrium solution to equations (13) are
where r 1 = The Jacobian of the second-order undamped (c 1 = c 2 = 0) form of equations (13) is computed from J = −Dh, where
The eigenvalues of the above Jacobian, at the equilibria obtained in the equation (14) , are illustrated in Figure 6 . The Jacobian has the following characteristic equation:
The eigenvalues at the equilibria from equation (14) are λ 1 = 0, and λ 2 = 0, 18r 2 2 , 36r 2 1 , 18r 2 1 , 36r 2 2 , 18r 2 1 , 18r 2 2 for R 0 to R 6 respectively. With λ 1 = 0 and λ 2 ≥ 0 at all of these equilibria we conclude the solutions to be marginally stable. The bifurcations of the equilibria in the unperturbed system are shown in Figure 7 (a).
To examine the stabilities of the equilibrium solutions lying on the overlapping ellipses u 2 1 − u 1 u 2 + u 2 2 − 1 = 0, from equation (13) at q = 0, we replace equation (16) , to obtain the new characteristic equation
Hence λ 1 = 0, and λ 2 = −6(u 2 1 + u 2 2 − 8 3 ). Therefore λ 2 > 0 if the equilibrium solutions (u 1 , u 2 ) on the overlapping ellipses lie inside the circle of radius
. Since the major and minor radius of the ellipses are √ 2 and
respectively and both are less than the radius of the circle, all of the solutions on the ellipses are contained inside the circle of radius
( Figure 8 ). Hence we have λ 1 = 0 and λ 2 > 0 at q = 0, i.e. all of these infinitely many solutions are marginally stable. At q = 0, the the symmetric system therefore exhibits a codimension-two eclipse bifurcation.
A global bifurcation behavior is presented in Figure 9 , for a particular symmetry-breaking example, revealing the overlapped branches on the (p, u 1 ) and (p, u 2 ) planes. Now to reveal the degeneracy at the eclipse bifurcation point, we apply a small perturbation to the normal form, which results in the breaking and unfolding of the eclipse bifurcation. The local normal form is studied for various types of perturbations on both (q, u 1 ) and (q, u 2 ) planes as shown in Figures 7(b)-(d) . We observed from the various perturbations that the eclipse bifurcation changes . This circle is used as a criterion to determine that these equilibria are marginally stable.
to saddle-node, stiff pitchfork and transcritical bifurcations depending on the perturbation type, the later two of which can be further reduced to saddle-nodes with additional perturbations. Also the overlapping branches at u 1 and u 2 equal to ±0.5, are revealed with the perturbations. We observe that with the symmetry breaking, some parts of the locus of neutrally stable equilibria at q = 0 in the symmetric case are changed to stable and some to unstable.
The global bifurcation diagram for the energy provides insight into the optimum harvestable energy in the pull parameter region. Multiple energy levels exist in the negative stiffness region for the symmetry breaking case as seen in Figure 9 (c). At a particular value of the pull parameter p in the negative stiffness region, depending on different initial conditions or different parameter values such as the mass and damping coefficients, the final energy lands on one of those levels. Therefore predicting the highest levels of harvestable energies in this region is difficult. However this article provides insight into the structure of a complicated eclipse bifurcation.
Conclusions
A complete analytical solution for the equilibria of 2-DOF twinkling oscillator with a unique bifurcation type has been presented in this paper. The spring mass twinkler consists of nonlinear springs with cubic spring forces, and a quasistatic pull at the end spring. We observed complicated highly degenerate global bifurcations: a local star bifurcation (detailed in the previous papers [32, 33] ) and global eclipse bifurcations. We have shown different symmetry breaking cases for the eclipse bifurcation, which unfolds into saddle-node bifurcations with a general perturbation.
This article gives insight into the dynamics of the 2-DOF twinkling oscillators, hence a building block for further analysis. The unstable branches in the bifurcation plots will not be observable, but understanding them will help in understanding how transient vibrations settle to either of the equilibrium energy levels in symmetry breaking case. Future work will include more detailed study of the existence of chaos through fractal basin boundaries and Lyapunov exponents.
